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does not predict a streamwise stress level that is signi® cantly higher
than the simulation of Beaudan and Moin.5 However, this can be
explainedby noting that, for this ¯ ow, most of the contributionto the
Reynoldsstress comes from ¯ uctuationsin a narrow frequencyband
extending from about 0.5 x s t to 3.0x st , and in this frequency band,
the energy in both simulations is comparable. Thus, even though
the simulations of Beaudan and Moin5 exhibit signi® cant damping
of the higher frequencies,this does not have a signi® cant impact on
the low-order turbulence statistics.

By comparing the vertical stress pro® les at these locations, we
observe that prediction from the two simulations at x/ D = 7.0 is
quite similar. At x/ D = 10.0, the two simulations predict roughly
the same peak stress level; however, the shape of the experimental
pro® le matches the pro® le of Beaudan and Moin5 better than it does
for the current simulation.Furthermore,we have found that vertical
velocity and shear stress pro® les (not shown here) from both the
simulations are also in reasonable agreement with experiments.11

Conclusions
It is found that in the downstream portion of the wake, where the

grid is relatively coarse, the numerical dissipation inherent in the
higher-order upwind-biased schemes removes substantial energy
from roughly three-quarters of the resolved wave number range.
In the central difference simulation, because there is no numerical
dissipation, the smaller scales are more energetic. Because of this
reduction in the damping of smaller scales, we ® nd that the com-
puted power spectra agree well with the experiment up to about
half of the resolved wave number range. However, the enhanced
energy in the small scales has no signi® cant effect on the low-order
statistics, and the mean velocity and Reynolds stress pro® les in this
region obtained from the two simulations are comparable. This is
because most of the contribution to the normal stress comes from
¯ uctuations whose frequency is centered in a narrow band around
the sheddingfrequencyand change in the energy of the small scales
does not have a signi® cant effect on the magnitudesof the Reynolds
stresses. However, in applicationssuch as ¯ ow generated noise and
reactive ¯ ows, small-scale ¯ uctuationsplay a crucial role, and it is,
therefore, critical to retain the energy in the small scales. In such
applications,energy conservativeschemeswould be preferableover
upwind schemes. We also ® nd that with about 20±30% smaller grid
spacing, the second-order central difference scheme gives results
that are comparable to those obtained by the high-order upwind
biased schemes. The higher-order upwind based solver is more ex-
pensiveon a per-pointbasis than the second-ordercentraldifference
solver, and this partially offsets the additional cost of the increased
resolution required by the second-ordermethod. A drawback of the
second-order central scheme is that the simulations are sensitive to
numerical factors such as grid discontinuities and out¯ ow bound-
ary conditions and, thus, grids and boundary conditions have to be
designed with extreme care.
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Nomenclature
d = amplitude of shaft whirl motion eccentricity
E, F, G = ¯ ux vectors in x, y, and z coordinate directions,

respectively
Fn = shaft normal force, Fy y(t ) + Fzz(t )
Ft = shaft tangential force, Fy z(t) ¡ Fz y(t )
Fy , Fz = shaft ¯ uid pressure forces in y and z directions,

respectively
k = turbulence kinetic energy
p = static pressure
Q = vector of ¯ ow variables
S = vector of momentum equation source terms
t = time
U = vector of velocity variables
u, v , w = Cartesian velocity components in the x , y, and z

coordinate directions, respectively
x , y, z = Cartesian coordinates
xt , yt , zt = mesh speed (partial differentiationof position

with respect to time)
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b = Helmholtz pressure equation
psuedocompressibility factor

D t = time step
d p = incremental pressure correction
@t , @x , @y , @z = partial differentiationwith respect to time, x , y,

and z, respectively
e = turbulence kinetic energy dissipation
X = shaft whirl frequency
X / x = whirl ratio
x = shaft spin frequency

f g , f g T = row, column vectors

Subscripts and Superscripts

M = maximum number of subiterationsbetween time
level n and n + 1

m = subiteration level, 1 ·m ·M
n = time level, where t is equal to n D t
T = transpose
v = viscous terms

Introduction

I N turbomachinery components such as seals and pumps with
shrouded impellers, the shaft motion can induce ¯ uid friction

and added mass forceson the shaft itself.These rotordynamicforces
can lead to self-excited vibrations of the shaft.

Currently, there is only one basic type of computationalmethod-
ology in use to calculate rotordynamicforces: quasisteady ® nite dif-
ference methods.1,2 These ® nite difference methods are commonly
classi® ed as quasisteady because some type of reference frame co-
ordinate transformation is used to render the eccentrically moving
shaft to a centered, stationary shaft with respect to a moving refer-
ence frame. These methods have shown good agreement between
computed results and experimental data for annular seals.

A more general rotordynamics computational methodology
would be based on the solution of the three-dimensional unsteady
Navier±Stokes equationswith movingboundaries,e.g., whirling ro-
tor shaft. Such a methodology, by de® nition, would be more com-
puter intensive than quasisteady Navier±Stokes schemes, but it
would also offer the potentialfor greater ¯ exibility and the ability to
analyze the ¯ uid±structure interaction within complex geometries3

in a coupled fashion.
The purpose of this Note is to present a time-accurate Navier±

Stokes based method suitable for the calculation of rotordynamic
coef® cients for the incompressible ¯ ow regime. Results are pre-
sented for a long seal and a shrouded impeller.

Numerical Method
The currentthree-dimensionalnumericalrotordynamicalgorithm

is derived from the unsteady scheme described in Refs. 4 and 5.

Overview of Rotordynamic Fluid Force Calculation

The primary goal of the numerical methodology is to calculate
the ¯ uid reaction force vector time history and to decompose it into
normal and tangential components.

The current overallNavier±Stokes procedurebegins by obtaining
a steady-statesolution for the geometry of interest.The steady-state
solution is then used as an initial condition for the unsteady calcu-
lations. The rotor shaft moves with an imposed harmonic motion,
and the unsteady calculations are carried out until time periodicity
is observed. The force time history is then processed to obtain the
desired components.

Governing Flow Equations

The equations of motion for a three-dimensional, unsteady in-
compressible viscous ¯ uid are

r ¢ U = 0 (1a)

@t Q + @x (E ¡ Ev ) + @y(F ¡ Fv ) + @z(G ¡ Gv ) = S (1b)

f x(t ), y(t ), z(t ) g bc = f 0, d ¢ sin X t, d ¢ cos X t g (1c)

where

Q = f u, v, w , k, e g T

E = f u 0 0 u + p, u 0 0 v, u 0 0 w , u 0 0 k, u 0 0 e g T

F = f v 0 0 u, v 0 0 v + p, v 0 0 w , v 0 0 k, v 0 0 e g T

G = f w 0 0 u, w 0 0 v, w 0 0 w + p, w 0 0 k, w 0 0 e g T

and Ev , Fv , and Gv are the standard viscous ¯ ux terms and are not
modi® ed for moving meshes; S includes the source terms for the
standard k±e turbulence model, and they require no modi® cation
for moving meshes. Here, x is in the axial direction and U is a
vector composed of u, v , and w .

The effect of moving boundaries and mesh points on the govern-
ing ¯ owequationsare accountedfor in theconvective¯ ux terms.The
mesh speed componentsare (xt , yt , zt ); u 0 0 = (u ¡ xt ), v 0 0 = (v ¡ yt ),
and w 0 0 = (w ¡ zt ). Equation (1c) represents the imposed harmonic
motion on the boundary of interest, e.g., rotor shaft.

The governing equations are assumed to be nondimensionalized
with respect to a referencevelocity V ref and length Lref. The refer-
ence time t ref is given as Lref/V ref. The referencepressure is given
as q V ref2; the density q is simply a constant.

Spatial Discretization
A second-order® nite differenceschemewith arbitrarynodenum-

bering is used to discretize the ¯ ow equations.The set of governing
¯ ow equationsis formulated in terms of the standardnonorthogonal
generalizedcoordinate system. Batina’s6 dynamic mesh movement
algorithm is used to adjust the interior mesh nodes to the movement
of the boundary nodes.

Time Integration

Euler (® rst-order) time-implicit discretization of the governing
equations is used. Calculations are started from a valid initial state
(e.g., Qn = 0), and the unsteady ¯ ow is initiated by moving the rotor
shaft to its new location at time (n + 1) D t [Eq. (1c)]. Then the
discretized momentum equation is solved:

(Qn ,m ¡ Qn)/ D t + @x (E ¡ Ev )n ,m + @y(F ¡ Fv )n,m

+ @z(G ¡ Gv )n,m = Sn,m ¡ 1 (2)

where D t is the numerical time step and the index n indicates the
time level (t = n D t ); m is the subiteration or fractional step level,
where m = 1, 2, . . . , M ; the counter M indicates the total number
of subiterations, e.g., Qn + 1 = Qn ,M . In the ¯ ux terms En,m , Fn,m ,
and Gn ,m , the pressure is evaluatedat the previous subiterationlevel
(pn,m ¡ 1) and nonlinearterms are linearizedabout the n, m ¡ 1 level,
e.g., un ,m un ,m = un ,m ¡ 1un,m .

To help enforce the continuity equation, the Helmholtz pressure
equation is solved:

b ( d p) ¡ r ¢ a r ( d p) = ¡ r ¢ Un,m (3)

with the corrected velocity ® eld given as

Un ,m + 1 = Un ,m ¡ a r ( d p) (4)

and the next iteratefor the pressureat interiormesh nodesis givenby

pn ,m + 1 = pn,m + x p [( d p) ¡ ( d p)ref] (5)

where b is the Helmholtz pressure parameter,4 x p is an underre-
laxation factor, and ( d p)ref is the calculated pressure correction at
an arbitrary ¯ ow node; a is a 3 £ 3 diagonal matrix that depends
on the form of the iterative equation used to solve the momentum
equation. The Helmholtz pressure equation is a key component of
the three-dimensional rotordynamic algorithm: it allows the use of
a time-implicit formulation without requiring a machine zero accu-
rate solution of the pressure equation at each time subiteration.The
discretized ¯ ow equations were solved by using successive overre-
laxation (SOR). About 10 and 20 SOR iterations were used for the
discretized momentum and Helmholtz pressure equations, respec-
tively. Implicit Neumann boundary conditions were used for the
pressure correction d p. This ensures consistency with the velocity
divergence free condition at all time levels. Extrapolationboundary
conditions were used to calculate pn,m + 1 at the boundaries.
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Numerical Results
To demonstrate and assess the current rotordynamic ¯ uid reac-

tion force algorithm performance, calculations were performed for
a whirling long seal and a whirling shrouded impeller. Flow meshes
were generated algebraically. All of the cases were three dimen-
sional because the whirling motion breaks the usual geometric ax-
isymmetry. No systematic attempt was made to optimize the ¯ ow
meshes or solution accuracy.

Long Seal
Kanemori and Iwatsubo7 conducted an experimental study of a

long seal to determine the dynamic ¯ uid forces induced by the seal.
Theywere able to measure thenormaland tangentialforcesto within
12±15% of their respective magnitudes. The seal has an L/ D of 3,
a rotor radius of 39.656 mm, and a clearance of 0.394 mm. The
working ¯ uid is water, and the mass ¯ ow rate was 0.0762 kg/s
(16 kPa d p). The seal inlet swirl ratio (inlet tangentialvelocity/shaft
speed) was 0.4, the rotor spin frequency was 1080 rpm, and the
whirl eccentricitywas 0.049 mm. The baseline ¯ ow model consists
of a 35 £ 11 £ 16 (axial £ radial £ azimuth) ¯ ow mesh. A grid
re® nement study with 11, 16, and 21 nodes in the azimuth direction
was performed for X / x = ¡ 0.4 and with a numerical time step
equal to 0.1. The calculated shaft forces varied by less than 7%
between the baseline grid (16 azimuth nodes) and the ® ne grid (21
azimuth nodes).

Because the primary focus is unsteady phenomena, the numeri-
cal error was studied by examining the effect of D t (numerical time
step) on the calculatedresults. The effect of time truncationerror on
the calculated normal forces per unit whirl eccentricity amplitude
(Fn / d) for X / x = ¡ 0.4 is shown in Fig. 1. Recall that the nor-
mal force is calculated from the time-dependent force history and,
therefore, re¯ ects the unsteady forces on the shaft. The smaller the
D t , the more accurate is the solution(it approachesthe experimental
value,which is, of course, independentof D t ), but more overall time
steps are required to resolve a cycle of whirling. A numerical time
step of 0.025 (non-dimensional)was used for all of the subsequent
calculations.

Seven whirl caseswere calculated.The calculatedreaction forces
per unit whirl amplitude are compared to the experimental data in
Fig. 2. In general, the agreement is good.

Shrouded Impeller
Guinzburg8 constructed an experimental apparatus to simulate

the leakage ¯ ow along a conical shroud from the impeller discharge
to the impeller inlet (Fig. 3) and the normal and tangential forces for
various revolutionsper minute and ¯ ow conditionswere measured.
The present authors could not ® nd a discussion of measurement
errors in Guinzburg’s thesis. The working ¯ uid was water. The par-
ticular case calculatedhere was for a mass ¯ ow rate of 1.892 liter/s
and a rotor spin of 500 rpm. The seal rotor radius was 93.7 mm, and
the clearance was 4.24 mm. The whirl eccentricity was 1.18 mm.
A zero inlet swirl boundary condition was assumed for all of the

Fig. 1 Effect of numerical time step (truncation error) on the magni-
tude of the unsteady reaction forces per unit whirl eccentricity ampli-
tude for a long seal with a whirling shaft ( X /!= ¡ 0.4 and Fref = 0.324
MN/m); the experimental data point shown is, of course, independent
of D t but is included to show the level of agreement.

Fig. 2 Effect of whirl ratio ( X /!) on the ¯ uid reaction forces per unit
whirl eccentricity amplitude for a long seal.

Fig. 3 Schematic of conical impeller shroud.8

Fig. 4 Comparison of computed reaction forces with experiment for
the whirling conical impeller shroud (Fref = 4.4 N).

computed ¯ ow cases. The computer time required for a typical case
was approximately 117 SPARC 20 h for 150 time steps.

The calculated normal and tangential forces Fn and Ft , respec-
tively, are compared to the experimental data in Fig. 4 for this com-
plicated ¯ ow case. The normal force prediction, in general, shows
the correct trends. The predicted tangential force shows the correct
trend and shows good agreement with the experimental values.

Numerical errors were examined by increasingthe number subit-
erations to 600 from the baseline 200. The computed solution
achieved time periodicity in fewer time steps but the overall cal-
culated normal and tangential forces did not change signi® cantly.

Conclusions
A moving boundary Navier±Stokes method suitable for three-

dimensional incompressible rotordynamic ¯ uid reaction force cal-
culations was presented. The method incorporates the Helmholtz
pressure method for unsteady incompressible ¯ ow. The rotor-
dynamic methodology was used to calculate the motion-induced
forcesfor severalturbomachinerytypecomponentsand it has the po-
tential to be usefulfor practicalapplications,e.g., labyrinthsealsand
tapered seals. Future work should examine, more closely, the issue
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of consistentboundaryconditionsfor general three-dimensionalro-
tordynamic con® gurations and time-discretizationtruncation error.
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Introduction

T HE magni® cation of stresses at geometric discontinuities is
of great importance in engineering design. In particular, lo-

cal stresses may be highly enhanced in notched materials arising
from abrupt changesof shape. This would result in a substantialde-
crease of the load-bearing capacity of structural members. Various
methods of calculating stress concentration factors have been de-
veloped for two-dimensionalelasticity problems.Using a series ex-
pansion method, Ling1 solved elastic problems with different types
of notches.Bowie and Freese2 analyzed the notch problem by using
complexvariable theory in conjunctionwith the conformalmapping
method. Nisitani3 used the method of body force (or Green’s func-
tion) to solve the notch problem in a semi-in® nite plate or in a strip.

An alternative method for solving notch problems may be for-
mulated in terms of a system of boundary integral equations. This
method has clear advantages in solving the problem by applying a
numerical treatment. In the derivation of boundary integral equa-
tions, the selection of the auxiliary function determines whether
the kernels have weak or strong singularities. The kernel with
Cauchy-type singularity has been widely used to solve many crack
problems.4 On the other hand, the integral equation with a logarith-
mic kernel has been proved to easily perform the numerical compu-
tationby Cheungand Chen.5 This methodwith weak singularityhas
been used to solve some crack problems associated with an elastic
half-plane medium,6 two bonded thermoelastic half-plane media,7

and thermoelastic circular inclusion perfectly bonded in an in® nite
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matrix.8 Based on the earlierderivation,Chen and Cheung9 recently
reformulateda new boundaryintegralequationto dealwith thenotch
problem in plane elasticity. In this Note, we aim to further extend
the aforementioned method to solve notch problems in plane ther-
moelasticity. In the derivationof singular integral equations, instead
of using the components of heat ¯ ux and the components of stress,
the resultant heat ¯ ow Q and the resultant force ¡ Y + i X are used
to formulate the boundary conditions along the notch surface. This
would result in singular integral equationswith a logarithmickernel
instead of a Cauchy-typekernel. Three different types of notches in
an in® nite medium under a remote uniformheat ¯ ow are considered
as our examples to illustrate the use of the approach. Some avail-
able exact solutions are provided to compare with the calculated
numerical results to demonstrate the accuracy of the study.

Formulation of Integral Equation: Thermal Field
For the two-dimensional steady-state heat conduction problem,

the temperature function, which satis® es the Laplace equation, can
be expressed in terms of a single analytic function h (z). With this
function, both the temperature T and the resultant heat ¯ ow Q are
written as

T = Re[h (z)] (1)

Q = * (qx dy ¡ qy dx) = ¡ k Im[h (z)] (2)

where Re and Im denote the real and imaginary parts of the brack-
eted expression,respectively.The quantitiesqx and qy in Eq. (2) are
the components of heat ¯ ux in the x and y directions, respectively,
and k is the heat conductivity.Consider a remote uniform heat ¯ ux
approachedfrom thenegativex axisobstructedby the presenceof an
insulated notch or hole in an in® nite medium. The current problem
can be treated as a sum of the correspondingin® nite medium prob-
lem without notches and a corrective term. The solution associated
with the former problem can be easily expressed as

Q0(z) = q Im[z] (3)

with q being the strength of heat ¯ ux applied at in® nity.
On the other hand, a corrective solution associated with an in-

® nite medium with a single notch can be obtained by assuming a
continuousdistributionof dislocationswith the density b0(s) placed
along a given contour L as

h (z) = ¡
i

2 p *
L

log(z ¡ t)b0(s) ds (4)

The resultant heat ¯ ow across the notch surface can be obtained by
substituting Eq. (4) into Eq. (2) as

Q(z) =
k

4 p *
L

[log(z ¡ t ) + log( Åz ¡ Åt )] ds + c0 , z 2 L (5)

where a bar will be used to indicate a conjugate complex quantity
and c0 is a constant to be determined.

Based on the superpositionprinciple,the boundary integralequa-
tion for an in® nite medium containing an insulated notch is then
established as follows:

k

2 p *
L

log( j z ¡ t j )b0(s) ds + c0 = ¡ q Im[z], z 2 L (6)

In addition, the single-valuedcondition of the temperature must be
satis® ed, i.e.,

*
L

b0(s) ds = 0 (7)

Equation (6) together with Eq. (7) constitutes a boundary integral
equation for solving the unknown functionb0(s). Once the function
b0(s) is determined, the temperature function h (z) in Eq. (4) will be
obtained accordingly.


